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Abstract

A modification of the published heatgne theoryof Renno et
al. is suggested to allow an improved predictiovartex heighi
and consequent thermodynamic efficiency and -speeds in
dust devils through a reconsideration of the nature of thiel

reservoir of the heat engine.

Introduction

Small dust-devils, or willy-williesare a common phomenon in
deserts. Larger, tall dust-devils are rakerein conditions wher
buoyancyand swirl are readily available, but can prodhigh
wind-speeds at their bases. Dust devilsdayebuoyancy vortice
wherein the buoyancy driving the flowsestirelyinside the
core.

Aspects of Buoyancy Vortices
Structure

A buoyancy vortex can be considdras containing four zor:

. Buoyant core:

* Potential vortex: a larger cylindarounc the core,
containing weaker cyclt®phic flows

« End wall disc: the areahere the potential flows me
the ground and are subject to the evall effect

¢ Plume abovethe turbulent plume formed do-wind
of (above) the core when core restraint breaks ¢

Processes

Three processes ditndamental in a buoyancy vor:
*  End Wall Effect
e Heat Engine
e Hydrodynamic Stability

The persistence of the vortex to altitutipends upon tt
hydrodynamic stability of the core wall suppressimdpulent
mixing. There is still diffusion of vorticity @twards to the
potential vatex around it as the core advects swinds down’
with increasing height until the wall mano longer suppre:
turbulence - at which point the coreebks down to a turbule
plume -unless some other process can overcthe diffusion.
Positive axial acceleration in the co@sato resist diffusic of
vorticity, since air-parcelare thereby stretched and so reduce
diameter. Consertian of angular momentum ani reduction in
diameter act to concentrate vorticity agaiastial diffusior.

The height to which a dust depiérsists before breakdown tc
turbulent plume affects the wind strengttthe ground since tt
plume does not contribute to those flows.

The End Wall Effect

The end wall effect biasé¢ke cyclostrophic balance (where
radial pressure gradient is balanced by centrift@yak)in the
vortex flows near the ground@he pressure gradient arises fr

the buoyancy of the coreri€tion at the inteface and wind shear
above it reduce tangeativelocity and centrifugal for, allowing
air to be drawn ity the radial pressure gradient. Swirl is t
concentrated into the basetbé vortex

(Barcilon 1967)made an analysis the end wall effect. The
predicted stream-linesf figure 1are similar to those seen in
figure 2 where the inflow is nai visible by ripple on the calm

sea.

Figure 2 Waterspout off the Florida Ke'(Renno 2008)

More recently numerical analysis usiicomputer models has
been possible. For instan¢eewellen, Lewellen 200" have
used LES (Lage Eddy Simulation) models of the flows witt
vortices. This subjedias been intensely studiover a long time
because of the safety implications of scorner flows in
tornados.

The Heat Engine

In (Renno, Burkett et al. 199&)e authors model the
thermodynamics ohe convective processes in ddevils that
maintainthe pressure differential in the cc They assume any
convective phenomenondshes-engine and consider a dust-
devil in quasi-steady state, sork done by the heat engi
balances mechanical friction, in order to modelrttaimum
bulk-thermodynamic intensity of a vortex in cyclostrap
balance. They assurflews are incompressiblheat input is



sensible heat flux at the surface and heat ougpradiation from
subsiding air-flows (at the average temperatuth®fconvective
slab). They assume the convective flows are ati@lihat the
engine is reversible and that energy loss throuiginmof high
entropy updraft air with lower entropy ambientiairmplicitly
included through the definition of the cold temgera with
respect to CAPE. By following an air parcel throagpath as
shown in figure 3, they derive relationships foegsure
differentials and cyclostrophic flow velocities.

Figure 3. Vortex CirculatiofiRenno 2008)

In (Renno, Bluestein 2001) the analysis is exterided
waterspouts. They derive an expression for thespres
differential arising from core buoyancy:

Ap =
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Cyclostrophic balance is assumed. Tangential vigiatithe
radius of the core wall using the ideal gas lathén:
Va ~

{2 (6P 72) + () =)

@

* Ap is the pressure differential apgd is the pressure at
infinite radius and ground level
« y is the fraction of frictional energy dissipatedtsd surface

o= (@) is the reversible efficiency of the heat engine
h

* C, is heat capacity of air at constant pressure

* R is the gas constant for air

« Tis absolute temperature

« L, is latent heat of vaporisation of water per uraiss
* r is the water vapour mixing ratio

« T, is the entropy averaged temperature of heating

¢ ais the radius of the core

For dust devils the change in mixing ratio can églected (not
so for waterspouts). The papers give estimatesngfential
wind speeds in the core wall that are well suppbvigh cited
observations for dust devils and more generallysted for
waterspouts.

Hydrodynamic Stability and Modified Turbulence

The core of the vortex must be constrained to sggpmixing
and make energy available to drive flows at thaigdo This
constraint comes from radial hydrodynamic stabilitghe core
wall arising from two factors: cyclostrophic balanend stable
stratification of density.

Under normal flow conditions the high Reynolds nurdtethe
core wall of a concentrated vortex would produgedaurbulent
mixing of all quantities, including temperature aratticity, as
seen in a turbulent plunf®ouse, Yih et al. 1952, Morton,

Taylor et al. 1956). The normal process of turbulent diffusion
involves a cascade of scale, which greatly acaeleiffusion.
This cascade is interrupted by sufficient hydrodgitastability
in the core wall.

(Lewellen 1993) suggested the Richardson numbaerienit of
stratified turbulence can be modified for axisymmeetwirling
flows to give a criterion for stability that alsaocludes the
gradient of potential temperature.
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wheref is potential temperaturg,is circulationw is axial
velocity, r is radius and the prime denotes differentiatiorhwit
respect to radius. Wall stability is increased viittreasing
vorticity and temperature gradient, since the tewmpee gradient
at the wall of a buoyancy vortex is negative.

The question that then arises is how to predich#iight to which
hydrodynamic stability will allow the vortex to st before
breakdown to a plume. (Dergarabedian, Fendell 186&js an
analysis of vortex intensification and decay base@n
asymptotic expansion of the Navier Stokes equatiams
dimensionalised with respect to an Ekman number:

E=v/Te 4)
wherev is kinematic viscosity anfl,, is the environmental
circulation.

The analysis suggests that for a vortex to conaenthe Ekman
number must be much less than one and the proéitlet area of
the updraft and the gradient of average verticllory within it
must be significantly greater than the kinematscusity.
Therefore a large dust devil requires only a sretiical
acceleration for the core to be sustained and carated, but
smaller vortices require greater vertical acceienat

Necessarily Divergent Lapse Rates

A theory of necessarily divergent lapse rates ggested to
explain vortex height for tall dust devils, whicksames the core
persists and advects upwards while CAPE is positivbthe core
lapse rate is less than the environmental lapse Rwsitive
vertical acceleration arises from the divergenséagates as the
rate of release of CAPE increases with height. €ptration of
vorticity overcomes diffusion of vorticity, so tlvere advects
upwards. So a dust-devil with an adiabatic corsdapte is
sustained while rising through a superadiabatidgrenmental
lapse rate.

Once there is no divergence and no vertical acatiber, the
vortex decays to a turbulent plume rapidly, in @heof the
order of the diameter from which swirl was concetgd.

Energy is expended in the plume in lifting and wisgrof
entrained air through turbulent mixing. It is thfere suggested
that the plume should be considered as the coéhreis of the
heat-engine driving the vortex flows.

Evidence from the Literature

Laboratory Experiments

(Mullen, Maxworthy 1977) used a vortex-generatathwi
adjustable peripheral vanes to generate swirl amehted plate to
induce buoyancy, mounted in a draft-proof cabilgttly
extracted from above to produce a neutral stratific. Their
analysis is based on functional parameters wedbéished in the
analysis of turbulent plumes (Morton, Taylor etl#856) scaled
to power input.



Temperature profiles werdgerived for a range of vane angles
power inputs, as seen for example in figurelbwing a -cell
structure.
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Figure 4. Scaled Temperature excess vs Raéiifsyane angle, 778W
(Mullen, Maxworthy 1977)

Figure 5 shows the rate of decay of maxinmtemperature
differential (scaled to input power) with heigbt two vortice.
They show a common inflection or corneitheir scalec
temperature profiles. Above the inflection the pesfshow ¢
z~5/3 dependencayhich is characteristic of a turbulent plur
The height of the inflection is approximately eqtethe
diameter of the swirl vanes.
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Figure 5. Scaled Temperature Excess vs Hefthillen, Maxworthy
1977)

Table 1 shows results fro(Wullen, Maxworthy 1977 annotated
to show vortices for whicthe temperature profile is given or ¢
be extrapolated from the paper.

Vortex circulation strength and core diameter

1058 J sec™!

Vane angle 346 J sec-! 778 J sec-! 1382 J sec~!

)

30 I'= 968 1 F=1181 2 I"=1452
d= 9.6 d=1 d=12.7

45 M=1323 5 TI=1542 I'= 2142 I'=1910
d=17.2 d=184 d=178 d =197

60 I'=1865 5 [I'=2600 g I'=2994 7 I'=2916
d=19.9 d =206 d =208 d=216

75 8 I'=3671 91I"=4342 I' = 5445
d=218 d =266 d =256 d =26.2

I'in cm? sec-! and d in cm.

Table 1. Circulation Strengti{Mullen, Maxworthy 1977 annotated

Tangential velocity is estiated at the core wataken to have
the outediameter of the area of steep radial temperataeignt
at the base of the vortex. For instance, figusb®w: profiles for
vortex 5 in Table 1¢, = 16cm. In Table 1d is given as the

maximum extent of the bubbteacks within the core ard; < d.
The tangential velocity is then calculatecV,; = I'/nd; (5)

Equation (2 is then used to calculal,

 The friction efficiency is assumed to y = 95%
. - . T,—T
» The thermodynamic efficiency is assumed to = %
h
o T = To + AT, and T, = Ty, + AT,
« T, is taken from the given profiles or extraations
* AT, is estimated from figure as being\T, = 30 * Q2/3 °C

Using AT, = 0 wouldoverestimat velocities seen in the
experiment, althoughT, = AT},/2 is a closer approximation.
Figure 6shows the correlation obtair.
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Figure 6. Tangential Velocity modelled and measut

Field Data for Dust Devils

(Ryan, Carroll 1970) made a field study in the ojave Desert
collecting atmospheric data 1500mWind velocity is shown as
proportional to the square root of height of the superadiabatic
layer with much scatterThis is consistent with the propos
theory.(Hess, Spillane 1990) made a study of di-devils
occurring in Australia and noted a correspondendhe statistic:
for dust-devil heigh shown in figure and vertical velocity
variance normalised by the convection velow*(Deardorff
1970) (Spillane, HESS 1988) - shown in figure 8. Figure 7
shows two populations. The upper plation of tall dust devils
shows a mean height of 0.51h.

100

wk

s}

- . L

L]
g ol
= . A
=
£ .
S wF
¥
§ . a - L ]
£ ol
E
.
IS
2|
* . .
“”‘. LJ hd L J
. ® . o
o AL ] | | 1 1 I 1 I
0 2

4 6 8 10 12 14 16 18
'OBSERVATION NUMBER ’

Figure 7.Heights of dust devils under strong convec (Hess, Spillane
1990)
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Figure 8. Verticalvelocity variance under convect (Spillane, HESS
1988)

At the edges of dry deserts deep absolutely ures
superadiabatic boundary layers may develop abevdeber
floor as a result of advection from adjacent cold®mres moving
cold air over heating from thground, allowing tall du-devils to
be driven by dry adiabatic convection.

Figure 9is a bare tephigram (with the structure omittec
clarity) showing twadifferent convective layers sharing the se
height (h). Thecore air ascends following the acatic lapse rate
shown in red. Ts is the surface temperatlioenv is the
temperature at the top of the convective layer.
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Figure 9. Variation in dust-devil heiglts a fraction of the convecti
height

The first atmosphere is shown in bldi&e environmntal lapse
rate is superadiabatic until height Hcl. Todd reservoil
temperature is then TcIhe second atmosphere is show
purple. The environmental lapse ratsuperadiabatiuntil Hc2.
The cold reservoir temperature is then Tc2. Lineafrenmental
lapse rates are shown for claritg.rieality they presumab
changemonotonically but the argument still holds. H., > H.,
andT,, < T.; so the vortex thermodynamédficiencyis higher
under the second atmosphere than under the fidsthawind
speeds produced are higher.

From figure 9 it is obvious that the mean heightall dust devils
will tend to half the conveate height, as shown in figurcand
the cold reservoir temperature will tetwthe averag
temperature of the convective slab, as(Benno, Burkett et al.
1998) but variation around the mean can be expe The cold
reservoir temperature witle higher than the environmen
temperature at the height of the plume.

The proposed theory suggests that a positive gradfevertical
velocity isnecessary to the formation of tall, powerful c
devils, as well abuoyancy and swirl. This explains wthey are
rare, even where buoyanapd swirl are readily available,
they will only occur withindeep superadiabatic laye

Conclusions

A theory of necessarily divergent lapse rates iebiped tc
allow the heat engine theory ¢Renno, Burkett et al. 1998,
Renno, Bluestein 2001) to be used to explain wind velociti
occurringin laboratory vortices and dudevils and statistics of
the height of dust devildy a modification of the assumptic
with respect to the colaeservoir
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